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Let β be a real number. Then for almost all irrational α > 0 (in the
sense of Lebesgue measure),
limsup
x→∞
π∗α,β(x)(log x)2/x 1,
where
π∗α,β(x) =
{
p  x: both p and αp + β are primes}.
© 2009 Elsevier Inc. All rights reserved.
Recently Jia [7] solved a conjecture of Long and showed that for any irrational number α > 0, there
exist inﬁnitely many primes not of the form 2n + 2αn + 1, where x denotes the largest integer
not exceeding x. Subsequently, Banks and Shparlinski [2] investigated the distribution of primes in
the Beatty sequence {αn+ β: n  1}. Motivated by the binary Goldbach conjecture and the twin
primes conjecture, we have the following conjecture:
Conjecture 1. Let α > 0 be an irrational number and β be a real number. Then there exist inﬁnitely many
primes p such that αp + β is also prime.
On the other hand, Deshouillers [3] proved that for almost all (in the sense of Lebesgue measure)
γ > 1 there exist inﬁnitely many primes p of the form [nγ ]. Furthermore, Balog [1] showed that for
almost all γ > 1
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x→∞
|{p  x: both p and pγ  are primes}|
x/(log x)2
 γ .
In this note we shall show that Conjecture 1 holds for almost all α > 0. Deﬁne
π∗α,β(x) =
{
p  x: both p and αp + β are primes}.
Theorem 1. Let β be a real number. Then
limsup
x→∞
π∗α,β(x)(log x)2/x 1 (1)
for almost all irrational α > 0.
For a set X ⊆R, let mes(X) denote its Lebesgue measure. Unless indicated otherwise, the constants
implied by , 	 and O (·) are absolute.
Lemma 1. Let I ⊆ [0,1) be an interval. Suppose that b, l > 0. Then
mes
({
α ∈ (0,b): {α/l} ∈ I}) (b + l) ·mes(I),
where {x} = x− x.
Proof. Without loss of generality, we may assume that I = (c1, c2) with 0 c1 < c2  1. Let J = {α ∈
(0,b): {α/l} ∈ I}. Clearly,
J ⊆
⋃
0 jb/l
(
( j + c1)l, ( j + c2)l
)
.
Hence,
mes( J )
(b/l + 1)(c2 − c1)l (b + l) ·mes(I). 
Lemma 2. Suppose that b2 > b1 > 0 and β are arbitrary real numbers. For each 0 <  < 1/9 and all suﬃ-
ciently large real numbers x (depending on b1 , b2 , β and ), there exists an exceptional set J E ⊆ (b1,b2) with
mes( J E) = O (x−) such that for any square-free d x1/3−3 and irrational α ∈ (b1,b2) \ J E ,
∣∣{1 n x: nαn + β ≡ 0 (mod d)}∣∣= x
d
∏
p|d
(
2− 1
p
)
+ O (x1−/d). (2)
Proof. For an irrational α ∈ (b1,b2), let
A (x;α) = {nαn + β: 1 n x}
and
Ad(x;α) =
{
a ∈A : a ≡ 0 (mod d)}.
For a square-free d, we have
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s|d
∣∣{1 n x/s: αsn + β ≡ 0 (mod d/s), (n,d/s) = 1}∣∣
=
∑
s|d
∑
t|(d/s)
μ(t)
∣∣{1 n x/s: αsn + β ≡ 0 (mod d/s), t | n}∣∣
=
∑
s|d, t|s
μ(t)
∣∣{1 n x/s: αsn + β ≡ 0 (mod td/s)}∣∣.
Suppose that s | d and t | s. Clearly,
αsn + β ≡ 0 (mod td/s) ⇐⇒ {αns2/td+ βs/td} ∈ [0, s/td).
Let α′ = αs2/td, β ′ = βs/td, d′ = td/s and y = x/s. Clearly y  x2/3+3 and d′  d. Let
Ia,q =
{
θ ∈ [0,1): |θq − a| x2/y}.
Suppose that d′x4  q y/x2 and 1 a q with (a,q) = 1. If {α′} ∈ Ia,q , then
∣∣{1 n y: {an/q + β ′} ∈ [x2/q,1/d′ − x2/q)}∣∣

∣∣{1 n y: {α′n + β ′} ∈ [0,1/d′)}∣∣

∣∣{1 n y: {an/q + β ′} ∈ [0,1/d′ + x2/q)∪ [1− x2/q,1)}∣∣.
Hence,
∣∣{1 n y: {α′n + β ′} ∈ [0,1/d′)}∣∣= y/d′ + O (q/d′) + O (yx2/q).
Let
Id′ =
⋃
1aqd′x4
(a,q)=1
Ia,q.
Clearly,
mes(Id′)
∑
1aqd′x4
(a,q)=1
mes(Ia,q)  d
′x6
y
= tdx6−1.
If {αs2/td} /∈ Itd/s for each s, t with s | d, t | s, then
∣∣Ad(x;α)∣∣= ∑
s|d, t|s
μ(t)
x
td
(
1+ O (x−2))= x
d
∏
p|d
(2− 1/p) + O (x1−/d).
Let
Jd =
{
α ∈ (b1,b2):
{
αs2/td
} ∈ Itd/s for some s, t with s | d, t | s}.
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mes(Jd)  b2
∑
s|d, t|s
b2td/s2
mes(Itd/s) +
∑
s|d, t|s
b2<td/s2
td
s2
·mes(Itd/s) = O
(
x−1/3+
)
.
Finally, let
J E =
⋃
dx1/3−3
Jd.
Clearly we have mes( J E) = O (x−). 
Lemma 3. Suppose that b2 > b1 > 0 and β are arbitrary real numbers. For all suﬃciently large real numbers x
(depending on b1 , b2 and β), there exists an exceptional set J E ⊆ (b1,b2) with mes( J E) = O (x−1/100) such
that for any irrational α ∈ (b1,b2) \ J E ,
∣∣{1 p  x: both p and αp + β are primes}∣∣ x
(log x)2
. (3)
Proof. Let z = x1/8 and  = 1/100. Deﬁne
P (z) =
∏
p<z
p prime
p
and
S(A, z) = {a ∈ A; (a, P (z))= 1}.
Let A (α) = {nαn+ β: 1 n x}. Clearly,
{
pαp + β: z + α−1(z + 1− β) p  x, both p and αp + β are primes}
is a subset of S(A (α), z). Furthermore, by Lemma 2, we know that there exists a set J E ⊆ (b1,b2)
with mes( J E ) = O (x−) such that for any square-free 1 d x1/3−3 and irrational α ∈ (b1,b2) \ J E ,
∣∣Ad(α)∣∣= xd
∏
p|d
(
2− 1
p
)
+ O (x1−/d),
where Ad(α) = {y ∈ A (α): d | y}. Let g(m) be the completely multiplicative function such that
g(p) = 2/p − 1/p2 for each prime p. Deﬁne G(z) =∑ m<z
m|P (z) g(m). By Selberg’s sieve method,
∣∣S(A (α), z)∣∣ |A (α)|
G(z)
+ O
( ∑
d<z2
d square-free
3ω(d)x1−/d
)
,
where ω(d) denotes the number of distinct prime divisors of d. Since 3ω(d)  d ,
∑
2
3ω(d)
d
 z2 .d<z
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G(z) =
∑
m<z
m|P (z)
g(m) 	
∏
p<z
(
1− g(p))−1 =∏
p<z
(
1− 2/p + 1/p2)−1 	 (log z)2. 
Proof of Theorem 1. Suppose that b2 > b1 > 0. Let
F =
{
α ∈ (b1,b2): limsup
x→∞
π∗α,β(x)(log x)2/x < 1
}
and
Fn =
{
α ∈ (b1,b2): limsup
x→∞
π∗α,β(x)(log x)2/x 1− 1/n
}
.
Clearly F =⋃n>1Fn . So it suﬃces to show that mes(Fn) = 0 for every n > 1. (The measurability
of Fn will be proven later.)
Assume on the contrary that there exists n > 1 such that mes(Fn) > 0. Let I = (c1, c2) be an
arbitrary sub-interval of (b1,b2). Clearly,
c2∫
c1
π∗α,β(x)dα =
c2∫
c1
( ∑
px
p prime
∑
αp+β−1<qαp+β
q prime
1
)
dα
=
∑
px
p prime
∑
c1p+β−1<qc2p+β
q prime
mes
([
(q − β)/p, (q + 1− β)/p)∩ [c1, c2])

∑
px
p prime
∑
c1p+β<qc2p+β−1
q prime
1
p
= (c2 − c1)
∑
px
p prime
1
log p
(
1+ O
(
1
log(c1p)
))
 (c2 − c1) x
(log x)2
(
1+ O
(
1
log x
))
, (4)
provided that x is suﬃciently large (depending on b1 and b2). Suppose that C > 1 is the implied
constant in Lemma 3. Let LI =Fn ∩ I and
LI,δ(x) =
{
α ∈ I: π∗α,β(x) (1− δ)x/(log x)2
}
.
For any two primes p and q,
J p,q :=
{
α ∈ I: αp + β = q}
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LI,δ(x) = I
∖( ⋃
k>(1−δ)x/(log x)2
p1,...,pkx are distinct primes
q1,...,qk are primes
k⋂
j=1
J p j ,q j
)
is measurable in the sense of Lebesgue measure. By Lemma 3,
c2∫
c1
π∗α,β(x)dα  O
(
x199/200
)
+mes(LI,δ(x)) (1− δ)x
(log x)2
+ (c2 − c1 −mes(LI,δ(x))) Cx
(log x)2
, (5)
provided that x is suﬃciently large. Combining (4) and (5), we have
mes
(
LI,δ(x)
)
 C − 1
C − 1+ δ/2mes(I). (6)
We claim that
LI =
⋂
m>n
⋃
y1
y∈Z
⋂
xy
x∈Z
LI,1/n−1/m(x). (7)
In fact, for any m > n, if
limsup
x→∞
π∗α,β(x)
x/(log x)2
< 1− 1
n
+ 1
m
,
then there exists y0 such that for any x y0
π∗α,β(x)
(
1− 1
n
+ 1
m
)
x
(log x)2
.
On the other hand, if α ∈⋃y⋂xy LI,1/n−1/m(x), clearly we have
limsup
x→∞
π∗α,β(x)
x/(log x)2
 1− 1
n
+ 1
m
.
By (6) and (7), we get
mes(LI ) limsup
x→∞
LI,2/3n(x)
C − 1
C − 1+ 1/3nmes(I).
Since mes(Fn) > 0, there exist open intervals I1, I2, . . . ⊆ (b1,b2) such that
Fn ⊆
∞⋃
Ik
k=1
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∞∑
k=1
mes(Ik)
C − 1+ 1/4n
C − 1 mes(Fn).
But by (6),
mes(Fn)
∞∑
k=1
mes(LIk )
C − 1
C − 1+ 1/3n
∞∑
k=1
mes(Ik)
C − 1+ 1/4n
C − 1+ 1/3nmes(Fn).
This evidently leads to a contradiction. 
Remark. In [4] and [6], Harman proved that for almost all real α > 0 there are inﬁnitely many pairs
of (p,q) satisfying
|αp − q| < ψ(p), p,q are primes,
provided that ψ is a non-increasing positive function and
∑
2p∞
p primes
ψ(p)
log p
(8)
diverges. In fact, Harman [6] established a quantitative version of the above result, on condition that
ψ(n) ∈ (0,1/2) for each n. As an immediate consequence, for almost all α > 0, there exist inﬁnitely
many pairs of primes (p,q) such that αp = q, where x is the nearest integer to x. For more
related results, the readers may refer to [5, Chapter 6].
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